MAT292 - Calculus III - Fall 2014

Term Test 2 - November 6, 2014

Time allotted: 90 minutes.

Full Name:

Aids permitted: None.

Student ID:

Last First

Email:

@mail.utoronto.ca

Instructions

« DO NOT WRITE ON THE QR CODE AT THE TOP OF THE PAGES.

instructions carefully.

Please have your student card ready for inspection, turn off all cellular phones, and read all the

DO NOT start the test until instructed to do so.

This test contains 20 pages (including this title page). Make sure you have all of them.

e You can use pages 19-20 for rough work or to complete a question (Mark clearly).

DO NOT DETACH PAGES 19-20.

GOOD LUCK!




PART 1

No explanation is necessary.

For questions 1-4, consider the following systems of differential equations:

Letter | System Matrix Eigenvalues and Eigenvectors
-2 -4 - 4 -2
a A = L A =-3,§1= = 0,6 =
-1 1 1 1
-1 4 - 4
b A= . A =06 = = -3, 52
5 —2 1 1
-2 5 - 241
¢ A= =i &= (") | he=id =
-1 2 1 1
2 =5 — 241 - 2—1
d A= M =148 = Ay = —1,§ =
1 -2 1 1
13 3
_13 3 - 6 - 1
e A=<18 41> )\12—1,1=< > )\2=—§,2=<>
i1 -1 2
1 3
1 _3 R 6 - 1
_ 1 1 __1F _ _ 17
4 8
-1 0 - 1 - 0
g A= )\1——1,51: >\2__]-7€2:
0 -1 0 1
2 0 - 1 - -1
h A= A =2,& = Ay = 2,8 =
0 2 1 1

(pvh A

chbiise
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Next to each phase plane diagram, write the letter of the corresponding system of differential equations.

2

R NGE I DR \
;
-1

(=0

1. This is system 5

N2/t

a—==

(=% dedtuise

2. This is system C

\
(<0

3. This is system L

r=rvo
4. This is system h

5. Write a differential equation whose complementary solution is (2 marks)

(A
= 0167% + C2t672t + c&ﬂt +c4

- Ye(t)
J:Luu}. (fi2) v =6\ v,

((?r‘ Ang) v
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2, .
b .2 s (rﬂl> f (A(ab‘l’ +('>sm’c>'f
(r-l'lf\—l)r . 1 7
Cy st x G5 £
fe C+C+:c:’cast+a{s{n’c Hethoh B

6. Consider the ODE y(©) + 2y 4 42 = cos(t) 4+ t2. When using the Method of (2 marks)
Undetermined Coefficients, we assume that the terms in the particular solution that are not in the

complementary solution are (select all that apply):

(a) Acost (d) Dsint (g) G w (m) Meé! (p) Pet

(b) Btcost (e) FEtsint (h) Ht (k) Kt* (n) Nte (a) Qte™!

For questions 7 and 8, consider the ODE: (2 marks)

//+by/+cy_0

with b2 — dac < 0. {n*S r= - gb -4a¢

7. The solutions decay while oscillating if _ k 20O (=) ) 0‘ S«_amt
Zo

8. The solutions grow while oscillating if L Y B \9,0\ fff‘ﬂ{?

2a ans
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PART II Justify your answers.

Consider the following parallel circuit. (10 marks)

Using Kirchhoff’s First Law, we deduce that ¢; = 79 + 3, so
we consider only the currents ¢; and 5.
Using Kirchhoff’s Second Law, we can show that this parallel

circuit is modelled by

0
% — —10i; — 5iy 4 30
o

ﬁ — —10i1 — 15iy 4 30

(a) Consider a vector =7 + b, with i = (Zl> .
2
Find b so that the system of differential equations for Z is homogeneous.
-;\
- ("J?-lo ) 4+ [0
4 - -lo - 0
e\ B >
x + <IOL;+SL2 +30

Lol 4152330
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(b) The new system is

Find the general solution Z.

Bt o

(=\

Page 6 of 20

1 160
rs 2sr+ 2

b o 25151 Js*-4
L-"5 r;'zi-t// = 2

y A
(228215 @Lr,-_- -20

-0 & ()ow)(mr)— s0 =0

=0

2 h_:-;
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- 0 -
(c) Given the initial conditions i(0) = (()), what is the solution ¢ of the original system?

S o= a‘.T, = ¢ (;)ﬁh Q<,\f-s’[ N (3)

(d) What is i3?
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10. Consider the following electrical circuit. (10 marks)

inductor
The charge on the capacitor ¢(t) is modelled by 6 6[[/5 ﬁ
1 (E) R resistor
Lq"+ Rq + ai= E(t), .
capaiclitor

(a) Give a condition on the constants L, R, C' that guarantees that the solution oscillates. Justify

your answer.

i,’u on asa { Ha if‘ it las s arJ/of os . We ned f dfam
57"[‘”‘ m’ ’{ ‘Hf Clmcjfms-lu ﬁu-lrm
: ° . 1 . |2 ’-V"/AL—
a\arqA'ws%‘ E}"&W Ce +'Zr+ -'-C_,o IO T—/
The mens ‘Hif f ard p ave (nm‘),o( 15} R’_%_ 20

(->( Q’c ¢ i\Ll
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(b) Let L=1, R=0, and C = 1, and E(t) = sin(2t). Also assume that the capacitor starts with

no charge and the circuit starts with no current. Find the solution of this initial-value problem.

(Hint. Recall that current i(t) = ¢/(t))

7"{. 47:: 5\\1(1{')

d‘f. LT : r’1—4 c6(¢=> (= 4 2
$s /~¢M= e, os(2t )+ e sn(zf)

UM’U r( Uch'ﬂl;lJ Gfﬂ:b’cn‘fg :
¥, = thodet)s Bsnkt)

/ ' - 64)s 2pt LsEY)
VL osded)- At sin(eh) ¢ Bsinf2t)+ 28
l -zﬂz:(&)-ﬂﬁ'"(ﬂ)) + 2neslEd)s zbtos(z'l‘)

b= _ypt st - 4ot sinl2t)
3o Wy
5t Mosif) » posfit)- 40 4
4 40% = sin )
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(c) How does the solution to (b) behave (grow / decay / oscillate) as ¢ becomes larger and larger?

Justify your answer.

(Hint. You don’t need to have solved (b) to answer this question)

H gs Wile asci"rh'u\:).

The areif 1 “W‘!';:S‘/
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11. Consider the ODE (10 marks)

Y — (3+2t)y + (6t —2)y = 0. (%)

(a) Show that y1(¢) = e’ is a solution of this differential equation.

THPY S B G )t |
Se Y- (s12f )1 + (d-2)%- % 9{{) e (#7(‘4) 7 *M#S‘h =0
| L
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(b) Using reduction of order, consider a second solution of the form

ya(t) = u(®)y(t)-
Deduce a differential equation for u(t).

9, Wy, tu n

gz pty s LWL v MY
= (‘5-»2{)7: (H )7
> 7- M \’4214 Yl (‘54-2_{:‘)(1&7.4 M‘I.} (H‘—z)"‘"n

(W)"b b Y420 ‘f, (m{) M 2

zl-‘/l

=0
O RNA SN (VPO PR

> [ s NEE =°l
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(c¢) Find u(t).

(Hint. You can leave u in the form of an integral)

= sehishes v+ (@E3)u=0

2
= v=_ ,ZBJM

(=)
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(d) Write the second solution ys(t) of (%) using a definite integral between 0 and ¢. Show that y;

and yo form a fundamental set of solutions.

(e) What is the general solution of the differential equation (x) ?
]

1 ? 1&—8‘
‘1=C,¢£ -\-C;_.QE goﬂ JS
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12. Consider the system of differential equations: (10 marks)

, (—2 —4) .
T = 1 x.

(a) Find two linearly independent solutions Z() and #?.

Ejmc‘ucg: \-z-r -4 l-.o (= (zu\fur)-z_zo

-ll'L -1-r (= ‘1+3r co0¢=> (r .\.3) o)

= @

JI-L | f1 . g
g <.5

o AT
fete
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(b) Consider the eigenvectors found in (a). Construct a matrix T by putting each eigenvector as a

column.

Find the matrix T~!.
) 1 [ d b
Hint. For the forgetful ones, A7 =

5= [-¢ 4 =>
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(c) Consider a new variable # = T §. Which system of differential equations does it satisfy?
-'I'L -| “h -
ulth
=) '\7’ Al ( " ")
[ —

ERER R
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(d) Find .

(e) What is the special fundamental matrix ® for the system of differential equations in (c)?

R
5

fok

P

A: <° 0

=5 }: !
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USE THIS PAGE TO CONTINUE OTHER QUESTIONS.
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USE THIS PAGE TO CONTINUE OTHER QUESTIONS.
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