Tutorial Problems #10

MAT 267 — Advanced Ordinary Differential Equations — Fall 2014
Christopher J. Adkins

] SOLUTIONS

Taylor Series Method Example Solve using a series solution to 4th order:

22y — 22y’ +log(z)y = 0
y(1) =0
y'(1)=1/2

Solution Recall that Taylor’s Theorem states that y € C°°(B.(zp)) may be represented around some x( as

0 4(n) (o
y@) =3 LD e

n=0

The initial data gives us the first two terms in the series, the third is easily found from the ODE:

2 1
g =2y — og(x)y — (1) =1
xz X

Differentiating the ODE will give the 3rd order term:

3) — 2 "

log(x log(x
g+ 080, lste)

1
oL ' 3)(1) —
Y Sy > Yy =y (1) =1

Y

If you differentiate once again, and check the value at o = 1, we’ll see

y (1) =-1

Plugging these values into the series expansion gives

y(x):($;1)+($—21) +(33—61) _(33;41) +O((x—1))

which is the series solution to 4th order.

Recurrence Equation Method Example Solve using a series solution to 5th order:

y' —xy —y=sinx
y(0) = ag
y'(0) = a1
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Solution Suppose that
(o]
S
n=1

solves the ODE. To find what the coefficients are, we substitute y(x) into the ODE. First we solve the Homoge-

nous part to the solution, i.e. 4" —xy’ —y = 0. We see

y' —xy —y= Z (n —1ayx" —xZnan —ianx”
n=0

n=2
_Z (n+2)(n+ 1)ap22" Znan —Zanx"
n=0 n=0
—2as —ag+ Y ((n +2)(n + Danye — (n+ 1)%)35"
n=1
=0

By linear independence of our x™’s, we see the equation must have all of it’s coefficients identically zero. i.e.

a
nio=—— VYneN
Ap+2 n+2 n

This is called our recurrence equation for our series solution. One may easily check that we have

1.2 1'4 6 3 1.5
y(:c)ao(1+2+8+(9(:c ))+a1 <SC+3+15+O( ))

is the homogenous solution to 5th order. To solve the non-homogenous solution, recall that sine has the following

expansion
st (_ l)nx2n+1

sin(a) = 3 2n+1)!

n=0
Thus, reusing our previous computation, we want coefficients such that:

o x© nx2n+1
202 —ag+ Y ((n +2)(n+ Danyz — (n+ 1)‘1”)5”” =2 ((217)z+1)|
el n=0 ’

Since the right hand side only has odd coefficients, this forces all the even coefficients to die i.e. as, = 0 for all

n € N. Thus the above becomes

%) _— o0 (_1)71x2n+1
7;) ((Qn +3)(2n + 2)azn43 — (2n + 2)a2n+1)x = nz:;) NOESE
i.e.
(=1)"
As an explicit example here, take n = 0, we see
1 a1
6az —2a1 =1 = a3 =~ + —
as a; = az = 6 + 3
For n = 1 we have ) )
ai
2 —4da3 = —= =
OCL5 as 6 - a5 40 + — 15

These terms with a; can be tossed into the homogenous solution, giving us that

1,2 $4 6 IS z° 3 20

is the general solution to the ODE up to 5th order.
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First Order ODE, Series Methods Solve using a series solution to 4th order:

{ y' = sin(xy) + 22
y(0) =3

Solution You could use Taylor Series and differentiate the ODE here, but lets try to brute force with series.

Note that 3

sin(z) =z — % +0(2°)

If we suppose that

y(x) = Z anz"”
n=0
plugging this into the ODE gives
n+1a,p 12" =z " — = |z anz” | + 22+ 0
e 1 0 X

A quick expansion of the cubed series shows we have

3
oo
<x Z anx”> = a3z® + 2(adar + apal)z* + O(2°)
n=0

If we read things off term by term now, we obtain:

a1 =0 (1)
2@2 =ag (‘T)
3as =(a; + 1) (z%)

3
day =as — % (x%)
Sas —as — M )

Solving these equations yield

3 1 3
ap =3, a1 =0, =g, G3=g3, @G=—7

Thus our solution to 4th order is

322 23 32t 5
’y(l‘)—3+7+§*7+0($)

First Order Systems, Series Methods Solve using a series solution to 4th order:

¥ =c+y y=e¢l+z
2(0) =0, y(0)=0
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Solution Suppose that
y(t) = ant™ & a(t) =) but"
n=0 n=1

and note
o

t "
(& :ZE

n=0
If we substitute the series into the system, we obtain the following from the first component:

2 3

t
by + 2ot 4 3b3t? 4 4bgt® + O(t*) = 1+t + TG ot + ayt + agt? + azt® + O(t*)
et Y
This gives us the following relations
b1 =1+agp (1)
2y =1+ a; (t)
1
3bs =3 + a (%)
1
4b4 :6 + as (tg)
Now the second component:
2 3 4 2 2 3 4
a1+ 205t + Bagt? + dagt’ + O(t') = 1=t + 5 — = + ... 4o + bt + bot” + byt” + O(¢")
This gives:
aq =1 + bo (1)
25 = — 1+ b (t)
1
3(13 :5 + b2 (tz)
1 3
40,4 = — 6 + b3 (t )

Since we're given ag = 0 and by = 0, it’s easy to find that

2
CL1:1, GQZO, a3:§, a4—0
1 1
bi=1, by=1, by=—, by=—
1 ) 2 ) 3 67 4 6

Plugging these into their respective series will give the system solution to 4th order. i.e.

4
= +0()

223 5 5 3
y(t):xﬁ—?—i—(’)(x) & z(t)=z+z +€+

Quiz Question Solve using a series solution to 4th order:

v =y —ay
y(0) =2
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Solution This is set up very nicely for using Taylor Series. We know

y(x) = i 7f(n;('x0)x”
n=0 :
is a solution. To find the coefficients, we use the ODE. We have
y =y —ay = y'(0)=4
Differentiating the ODE gives
v'=2yy —y—zy = ¢y"(0)=2%2x4-2=14
We rinse and repeat
y® =2yy” +2(y)? =2y —zy” = yP(0)=2%2x14+ 2% (4)> —2x4 =80
One more time!

y W =2y + 6y — 3y —ay” = yP(0) =2%2%80+6x4%14 —3 %14 =614

Thus our solution to 4th order is

4023 n 307z*
3 12

y(x) =244z + 7o + + (’)(at5)




